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Abstract
We determine the AdS exchange diagrams needed for the computation of 4–point functions of
chiral primary operators in the SCFT2 dual to the D = 6 N = 4b supergravity on the AdS3 × S3
background and compute the corresponding cubic couplings. We also address the issue of consistent
truncation.
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1 Introduction
The AdS/CFT correspondence provides information about the strong coupling behaviour of some con-
formal field theories by studying their supergravity (string) duals [1]–[4]. In particular, the AdS/CFT
duality relates type IIB string theory on AdS3 × S3 ×M4, where M4 is either K3 or T 4, to a certain
N = (4, 4) supersymmetric two–dimensional conformal field theory (CFT) living on the boundary
of AdS3. A two–dimensional sigma model with the target space being a deformation of the orbifold
symmetric product SN (M4) = (M4)N/SN , N →∞, is believed to provide an effective description of
this CFT [5].
An important class of operators in the supersymmetric CFT are the Chiral Primary Operators
(CPOs) since they are annihilated by 1/2 of the supercharges and in two dimensions their highest
weight components of the R–symmetry group form a ring. On the gravity side the CPOs correspond
to Kaluza–Klein (KK) modes of the type IIB supergravity compactification. Recently, using the
orbifold technique developed in [6] the three–point functions of scalar CPOs were computed [7] in
the CFT on the symmetric product SN (M4) and, on the other hand, in AdS3 × S3 supergravity [8],
and were found to disagree1. On the other hand, computations of quantities that are stable under
deformations of the orbifold CFT, like the spectrum of the CPOs and the elliptic genus, were found to
be in complete agreement [10]. Obviously this supports the expectation that the AdS3×S3 background
may correspond to some deformation of the target space SN (M4) of the boundary CFT. However,
even though one presently does not have an explicit sigma model formulation of the boundary CFT
(see also [11] for recent developements), one may proceed to study the CFT by using directly the
gravity dual description and the AdS/CFT correspondence [12].
In this paper we study the AdS3×S3 compactification of the D = 6 N = 4b supergravity coupled to
n tensor multiplets. In particular, the case n = 21 corresponds to the theory obtained by dimensional
reduction of type IIB supergravity onK3. Our final aim will be to find the 4–point correlation functions
of the scalar CPOs in the supergravity approximation. This program was successfully performed for
the N = 4 SYM4 which is related to the AdS5×S5 compactification of type IIB supergravity and led
to an understanding of the structure of the Operator Product Expansion in the field theory at strong
coupling [9], [13]–[16]. As a first necessary step in this direction we derive the effective gravity action
on AdS3 that contains all cubic couplings involving at least two gravity fields corresponding to CPOs
in the boundary CFT.
Since the supergravity we consider is a chiral theory it suffers from the absence of a simple La-
grangian formulation. In principle, one may approach the problem of computing correlation functions
by using the Pasti–Sorokin–Tonin formulation of the six–dimensional supergravity action, where the
manifest Lorentz covariance is achieved by introducing an auxilliary scalar field a [17]. However, to
1 Computing the 2– and 3–point functions of CPOs in the supergravity approximation by using the prescription [3],
which is known to be compatible with the Ward identities [9], one finds a result different from [8]. This however does
not remove the disagreement between CFT and gravity calculations.
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obtain the action for physical fields one needs to fix the gauge symmetries, in particular the additional
symmetry associated with the field a. This breaks the manifest Lorentz covariance and makes the
problem of solving the noncovariant constraints imposed by gauge fixing unfeasible. Thus, we prefer to
start with the covariant equations of motion of chiral six–dimensional supergravity [18] and obtain the
quadratic, cubic and so on corrections to the equations of motion for physical fields by decomposing
the original equations near the AdS3×S3 background and partially fixing the gauge (diffeomorphism)
symmetries. The equations obtained in this way are in general non–Lagrangian with higher derivative
terms and we perform the nonlinear field redefinitions to remove higher derivative terms [13] and bring
the equations to the Lagrangian form.
The spectrum of the AdS3 × S3 compactification of the D = 6 N = 4b supergravity coupled to n
tensor multiplets was found in [19] and it is governed by the supergroup SU(1, 1|2)L × SU(1, 1|2)R.
Since we are interested in the quadratic and ultimately in cubic corrections to the equations of motion
for the gravity fields we reconsider the derivation of the linearized equations of motion and recover
the spectrum of [19]. According to [19] the scalar CPOs are divided into two classes. The first
class contains CPOs σ that are singlets with respect to the internal symmetry group SO(n). The
corresponding gravity fields are mixtures of the trace of the graviton on S3 and the sphere components
of the self–dual form. The second class comprise the CPOs sr transforming in the fundamental
representation of SO(n) and the corresponding gravity fields are mixtures of n scalars from the coset
space SO(5, n)/SO(5) × SO(n) and the sphere components of the n antiself–dual forms.
As follows from our study, the fields appearing in the exchange diagrams involving at least two
CPOs may contain, in addition to the CPOs themselves, also other scalars or vectors, either in the
singlet or in the vector representation of SO(n), and symmetric 2nd rank (massive) tensor fields. We
find the corresponding cubic couplings. By using the factorization property of the Maxwell operator
in odd dimensions we diagonalize the equations for the vector fields which originate from components
of the second order Einstein equation and the first order self–duality equation. This diagonalization
is helpful to identify the vector fields propagating in the AdS exchange diagrams. To ensure the wider
applicability of our results we keep n unspecified2.
The cubic couplings exhibit the same vanishing property in the extremal case (e.g. for three scalar
fields σk, where k denotes a Kaluza–Klein mode, the extremality condition is k1 + k2 = k3 and
permutations thereof) as the cubic couplings found in the compactification of type IIB supergravity
on AdS5 × S5 [13].
In addition to the cubic couplings involving CPOs we also compute certain cubic couplings of
vector fields, which allows us to check the consistency of the KK truncation of the three–dimensional
action to the massless graviton multiplet. Recall that the bosonic part of this multiplet contains the
2Except n = 21 another case of interest is n = 5. Dimensional reduction of type IIB supergravity on T 4 produces the
non–chiral D = 6 N = 8 theory, for which the equations of motion for the metric, the scalar fields and the two–forms
are the same as for D = 6 N = 4b with n = 5.
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graviton and the SU(2)L × SU(2)R gauge fields, all of them carrying non–propagating (topological)
degrees of freedom. Since the other multiplets contain the propagating modes, the graviton multiplet
should admit a consistent truncation and we show that this is indeed the case. The truncated action
coincides with the topological Chern–Simons action constructed in [20]. We also consider the problem
of the KK truncation to the sum of two multiplets, one of them the massless graviton multiplet,
whereas the second involves the fields corresponding to the lowest weight CPOs. Surprisingly, we have
found indications that the sum of the massless graviton multiplet and the special spin–12 multiplet
containing the lowest mode scalar CPOs may admit a consistent truncation. This situation reminds
of, but is different from the AdS5 × S5 compactification, where the lowest weight CPOs occur in
the stress tensor multiplet, which on the gravity side corresponds to the massless graviton multiplet,
allowing a consistent truncation [15]. In the AdS3 case the gauge degrees of freedom encoded in the
graviton multiplet give rise to the N = (4, 4) superconformal algebra of the boundary CFT [21].
The paper is organized as follows. In section 2 we recall the covariant equations of motion for the
bosonic sector of D = 6 N = 4b supergravity [18], introduce notation and represent our results. In
section 3 we review the linearized equations of motion and recover the spectrum found in [19]. In
section 4 we discuss the structure of the quadratic corrections to the linearized equations of motion
and explain the necessary steps to reduce the equations of motion to a Lagrangian form. In Appendix
A we give the results for the expansion of the covariant equations of motion up to the second order,
both in spacetime and coset metric perturbations and in Appendix B we establish the formulae for
various integrals involving spherical harmonics of different kinds.
2 The cubic effective action in AdS3
Cubic couplings of chiral primaries may be derived from the quadratic corrections to the covariant
equations of motion for D = 6 N = 4b supergravity coupled to n tensor multiplets [18]. All the
bosonic fields — the graviton, the two–form potentials BIMN , I = 1, . . . , 5 + n and the scalar sector
— provide relevant contributions to the quadratic corrections. The scalar sector constitutes a sigma
model over the coset space SO(5,n)
SO(5)×SO(n) with vielbein (VI
i, VI
r), i = 1, . . . , 5, r = 1, . . . , n which is
parameterized by 5n scalar fields. The index I transforms under global SO(5, n) transformations and
is raised and lowered with the SO(5, n) invariant metric η = diag(15×5,−1n×n), whereas the indices
(i, r) transform under local composite SO(5)× SO(n) transformations. We use the following indices:
M , N for D = 6, µ, ν for AdS3 and a, b for S
3 coordinates.
Defining
dV V −1 =
(
Qij
√
2P is√
2P rj Qrs
)
, (2.1)
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the covariant derivative in the scalar sector is found by the Cartan–Maurer equation to be
DMP
ir
N = ∇MP irN −QijMP jrN − P isMQsrN (2.2)
and the equations of motion for the bosonic sector of D = 6 N = 4b supergravity are:
RMN = H
i
MPQH
i
N
PQ
+HrMPQH
r
N
PQ + 2P irMP
ir
N , (2.3)
DMP irM =
√
2
3
H iMPQH
rMP , (2.4)
∗H i = H i, ∗Hr = −Hr, (2.5)
where
H i = GIVI
i, Hr = GIVI
r and GI = dBI . (2.6)
In units where the radius of S3 is set to unity, the AdS3 × S3 background solution is
ds2 =
1
x20
(dx20 + ηijdx
idxj) + dΩ23, (2.7)
where ηij is the 2–dimensional Minkowski metric. One of the self–dual field strengths is singled out
and set equal to the Levi–Cevita tensor, while all others vanish:
H iµνρ = δ
i5εµνρ, H
i
abc = δ
i5εabc, H
r
MNP = 0. (2.8)
Here εµνρ and εabc are the volume forms on AdS3 and S
3, respectively, so that εµνρεabc is the volume
form in six dimensions. The SO(5, n) background vielbein is taken to be constant and by a global
SO(5, n) rotation it can be set to unity.
To construct the Lagrangian equations of motion we represent the fields as
gMN = g¯MN + hMN , (2.9)
GI = G¯I + gI , gI = dbI , (2.10)
and
VI
i = δI
i + φirδI
r +
1
2
φirφjrδI
j, (2.11)
VI
r = δI
r + φirδI
i +
1
2
φirφisδI
s. (2.12)
The gauge symmetry of the equations of motion allows one to impose the de Donder–Lorentz
gauge3:
∇ahµa = ∇ah(ab) = ∇abIMa = 0. (2.13)
3From now on all the covariant derivatives are understood to be in the background geometry.
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Here and below the subscript (ab) denotes symmetrization of indices a and b with the trace removed.
This gauge choice does not fix all the gauge symmetry of the theory, for a detailed discussion of
the residual symmetry, c.f. [19]. The gauge condition (2.13) implies that the physical fluctuations are
decomposed in spherical harmonics on S3 as 4:
hµν(x, y) =
∑
hI1µν(x)Y
I1(y), hµa(x, y) =
∑
hI3±µ (x)Y
I3±
a (y),
haa(x, y) =
∑
πI1(x)Y I1(y), h(ab)(x, y) =
∑
̺I5±(x)Y I5±(ab) (y),
bIµν(x, y) =
∑
εµν
ρXII1ρ (x)Y
I1(y), bIab(x, y) =
∑
εabcU
II1(x)∇cY I1(y),
bIµa(x, y) =
∑
ZII3±µ (x)Y
I3±
a (y), φ
ir(x, y) =
∑
φirI1(x)Y I1(y),
where we have represented
hab = h(ab) +
1
3
g¯abh
c
c, g¯
abh(ab) = 0. (2.14)
The various spherical harmonics transform in the following irreducible representations of SO(4) ≃
SU(2)L × SU(2)R:
Scalar spherical harmonics Y I : (k2 ,
k
2 ), k ≥ 0,
Vector spherical harmonics Y Ia = Y
I+
a + Y
I−
a : (
1
2(k + 1),
1
2(k − 1))⊕ (12(k − 1), 12(k + 1)), k ≥ 1,
Tensor spherical harmonics Y I(ab) = Y
I+
(ab)+Y
I−
(ab): (
1
2(k+2),
1
2(k−2))⊕ (12 (k−2), 12 (k+2)), k ≥ 2.
The upper index enumerates a basis in a given irreducible representation of SO(4): I1 = 1, . . . , (k +
1)2, k ≥ 0; I3 = 1, . . . , (k+1)2−1, k ≥ 1; I5 = 1, . . . , (k+1)2−4, k ≥ 2. The action of the Laplacian
is [22]:
∇2Y I1 = −∆Y I1 ,
∇2Y I3±a = (1−∆)Y I3±a , ∇aY I3±a = 0,
∇2Y I5±(ab) = (2−∆)Y I5±(ab) , ∇aY I5±(ab) = 0, g¯abY I5±(ab) = 0,
(2.15)
where ∆ ≡ k(k + 2). The vector spherical harmonics Y I3±a are also eigenfunctions of the operator
(∗∇)ca ≡ εabc∇b:
(∗∇)caY I3±c = ±(k + 1)Y I3±a . (2.16)
4Here and in what follows we use normalized spherical harmonics, i.e.
∫
Y I1Y J1 = δI1J1 ,
∫
g¯abY I3±a Y
J3±
b = δ
I3J3 ,∫
g¯acg¯bdY
I5±
(ab) Y
J5±
(cd) = δ
I5J5 .
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We also need to make a number of field redefinitions, the simplest ones, required to diagonalize
the linearized equations of motion, are
φ5rI = 2ks
r
I + 2(k + 2)t
r
I , U
r
I = s
r
I − trI , (2.17)
πI = −6kσI + 6(k + 2)τI , U5I = σI + τI , (2.18)
hµνI = ϕµνI +∇µ∇νζI + gµνηI , (2.19)
ζI =
4
k + 1
(
τI − σI
)
, (2.20)
ηI =
2
k + 1
(
k(k − 1)σI − (k + 2)(k + 3)τI
)
, (2.21)
h±µI =
1
2
(C±µI −A±µI), Z5±µI = ±
1
4
(C±µI +A
±
µI). (2.22)
Here srI and σI are scalar chiral primaries [19]. Note also that we use an off–shell shift for hµν that
first appeared in [23]. It differs from the on–shell shift used in [19] by higher order terms. We recall
the origin of the off–shell shift in section 3.3.
The field redefinitions that are needed to make the equations of motion Lagrangian and to remove
terms with two and four derivatives from the quadratic corrections to the equations of motion will be
discussed in section 4.
2.1 Cubic couplings of chiral primaries
To compute four–point functions involving only chiral primary operators in the boundary conformal
field theory one needs the quartic couplings giving rise to contact diagrams and cubic couplings
involving at least two chiral primaries, which contribute to the AdS exchange diagrams. Here we
confine ourselves to the problem of determining the corresponding cubic couplings.
Obviously, fields like φir, i = 1, . . . , 4 that transform as vectors under the SO(4) R–Symmetry
cannot contribute to these couplings. Therefore, we can set all these fields to zero and, to simplify the
notation, we denote e.g. φ5r as φr, etc.
Then the action for the chiral primaries sr and σ may be written in the form
S(sr, σ) =
N
(2π)3
∫
d3x
√−gAdS3
(
L2(sr) + L2(tr) + L2(σ) + L2(τ) + L2(̺±)
+ L2(Zr±µ ) + L2(A±µ , C±µ ) + L2(ϕµν)
+ Ls3(σ) + Ls3(τ) + Ls3(̺±) + Lσ3 (σ) + Lσ3 (τ) + Lσ3 (̺±)
+ Lsσ3 (tr) + Ls3(A±µ , C±µ ) + Lσ3 (A±µ , C±µ ) + Lsσ3 (Zr±µ )
+ Ls3(ϕµν) + Lσ3 (ϕµν)
)
.
(2.23)
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The quadratic terms for the various scalar fields are
L2(sr) =
∑
16k(k + 1)
(
−1
2
∇µsrI∇µsrI −
1
2
m2s(s
r
I)
2
)
, (2.24)
L2(σ) =
∑
16k(k − 1)
(
−1
2
∇µσI∇µσI − 1
2
m2σ(σI)
2
)
, (2.25)
L2(tr) =
∑
16(k + 1)(k + 2)
(
−1
2
∇µtrI∇µtrI −
1
2
m2t (t
r
I)
2
)
, (2.26)
L2(τ) =
∑
16(k + 2)(k + 3)
(
−1
2
∇µτI∇µτI − 1
2
m2τ (τI)
2
)
, (2.27)
L2(̺±) =
∑(
−1
4
∇µ̺±I ∇µ̺±I −
1
4
m2̺(̺
±
I )
2
)
(2.28)
with masses
m2s = m
2
σ = k(k − 2), m2t = m2τ = (k + 2)(k + 4), m2̺ = ∆. (2.29)
The quadratic Lagrangians for the vector fields can be written as
L2(Zr±µ ) =
∑
16(k + 1)
(
∓1
4
εµνρZr±µI ∂νZ
r±
ρI +
1
4
mZZ
r±
µI Z
r±µ
I
)
(2.30)
for the fields Zr±µ with mass mZ = k + 1 and
L2(A±µ , C±µ ) = L2(A±µ ) + L2(C±µ ) + Lcross2 (A±µ , C±µ ) (2.31)
for the fields A±µ and C
±
µ , where
L2(A±µ ) =
∑(
−1
8
FµνI(A
±)FµνI (A
±)− 1
4
(k + 1)(k − 1)A±µIA±µI ∓
1
2
εµνρA±µI∂νA
±
ρI
∓k
2
P±k−1(A
±)µIA
±
µI
)
, (2.32)
L2(C±µ ) =
∑(
−1
8
FµνI(C
±)FµνI (C
±)− 1
4
(k + 1)(k + 3)C±µIC
±µ
I ±
1
2
εµνρC±µI∂νC
±
ρI
∓1
2
(k + 2)P±k+3(C
±)µIC
±
µI
)
, (2.33)
Lcross2 (A±µ , C±µ ) =
∑(1
4
FµνI(A
±)FµνI (C
±)− 1
2
(k − 1)(k + 3)A±µIC±µI
∓1
2
(k + 1)εµνρ
(
A±µI∂νC
±
ρI + C
±
µI∂νA
±
ρI
))
. (2.34)
Here FµνI(V ) = ∂µVνI − ∂νVµI and we have introduced the first order operators
(
P±m
)λ
µ
≡ εµνλ∇ν ±mδλµ =
(∗∇)λ
µ
±mδλµ. (2.35)
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Some comments are in order. Since the quadratic action for the vector fields Zr±µ is of the Chern–
Simons form it vanishes on–shell and, therefore, to compute 2–point functions in the boundary CFT
we have to add certain boundary terms [24]. It is also worthwhile to note that the equations of
motion for the vector fields A±µ , C
±
µ are not the Proca equations, rather they are Proca–Chern–
Simons equations containing both the usual and the topological mass terms. Indeed, the equations for
A±µ and C
±
µ following directly from (2.31) are nondiagonal and both are of the second order. Adding
them produces an equation of the first order (a constraint) that relates the fields A±µ and C
±
µ :
P±k−1(A
±)µI + P
±
k+3(C
±)µI = 0. (2.36)
This constraint is then used to obtain the closed Proca–Chern–Simons equations for the vector fields,
e.g.
∇νFνµI(A±)− (k − 1)(k + 1)A±µI ∓ 2εµνρ∂νA±ρI = P∓k+1P±k−1(A±)µI = 0. (2.37)
Thus, intrinsically one has a second order equation for one of the vector fields and a constraint on the
second one. The number of physical degrees of freedom described by a massive pair AµI , CµI is then
three and this is in agreement with the discussion in [19]. The original equations being components
of the second order Einstein equation and the first order self–duality equation are related to (2.36)
and (2.37) by simple linear transformations of the fields A±µI and C
±
µI (c.f. (2.22)). Note that the
conformal dimensions of the operators in the boundary CFT dual to A±µI and C
±
µI are k, k + 2 and
k + 4.
Finally, the quadratic Lagrangian for the symmetric second rank tensor field (ϕ ≡ ϕµµ) is:
L2(ϕµν) =
∑(
−1
4
∇µϕνρI∇µϕνρI +
1
2
∇µϕµνI ∇ρϕρνI −
1
2
∇µϕI∇νϕνµI +
1
4
∇µϕI∇µϕI
+
1
4
(2−∆)(ϕµνI)2 + 1
4
∆
(
ϕI
)2)
. (2.38)
The cubic couplings of scalar fields are
Ls3(ψ) = V ssψI1I2I3srI1srI2ψI3 , Lσ3 (ψ) = V
σσψ
I1I2I3
σI1σI2ψI3 , Lsσ3 (tr) = V stσI1I2I3srI1trI2σI3 , (2.39)
with ψ ∈ {σ, τ, ̺±} and the vertices (the notation is explained in eqs.(2.61) and (2.62))
V ssσI1I2I3 = −
24(Σ− 2)Σ(Σ + 2)α1α2α3
k3 + 1
aI1I2I3 , (2.40)
V ssτI1I2I3 =
26(Σ + 2)(α1 + 1)(α2 + 1)α3(α3 − 1)(α3 − 2)
k3 + 1
aI1I2I3 , (2.41)
V σσσI1I2I3 = −
23(Σ− 2)Σ(Σ + 2)α1α2α3
3(k1 + 1)(k2 + 1)(k3 + 1)
(
k21 + k
2
2 + k
2
3 − 2
)
aI1I2I3 , (2.42)
V σστI1I2I3 =
25(Σ + 2)(α1 + 1)(α2 + 1)α3(α3 − 1)(α3 − 2)
(k1 + 1)(k2 + 1)(k3 + 1)
(
k21 + k
2
2 + (k3 + 2)
2 − 2)aI1I2I3 , (2.43)
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V stσI1I2I3 =
27(Σ + 2)(α1 + 1)α2(α2 − 1)(α2 − 2)(α3 + 1)
k3 + 1
aI1I2I3 , (2.44)
V ss̺
±
I1I2I3
= 22Σ(α3 − 1)p±I1I2I3 , (2.45)
V σσ̺
±
I1I2I3
=
2Σ(α3 − 1)
(k1 + 1)(k2 + 1)
(
k21 + k
2
2 − (k3 + 1)2 − 1
)
p±I1I2I3 . (2.46)
In our notation, the vertices (2.40) and (2.42) are precisely the ones found in [8].
Cubic terms involving two chiral primaries and the vector fields A±µ , C
±
µ can be represented as
Ls3(A±µ , C±µ ) = V ssA
±
I1I2I3
srI1∇µsrI2A±µI3 + V ssC
±
I1I2I3
srI1∇µsrI2C±µI3 (2.47)
±W s±I1I2I3
(
P±k3−1(s
r
I1
∇srI2)µA±µI3 − P±k3+3(srI1∇srI2)µC±µI3
)
,
Lσ3 (A±µ , C±µ ) = V σσA
±
I1I2I3
σI1∇µσI2A±µI3 + V σσC
±
I1I2I3
σI1∇µσI2C±µI3 (2.48)
±W σ±I1I2I3
(
P±k3−1(σI1∇σI2)µA±µI3 − P±k3+3(σI1∇σI2)µC±µI3
)
,
whereas the interaction of sr and σ with the fields Zr±µ is found to be
Lσs3 (Zr±µ ) = ±V σsZ
±
I1I2I3
σI1∇µsrI2Zr±µI3 . (2.49)
These expressions describe the minimal interactions of vector fields with two scalars in three dimen-
sions. Here the couplings are
V ssA
±
I1I2I3
= −2(Σ + 1)(Σ − 1)t±I1I2I3 , (2.50)
V ssC
±
I1I2I3
= 2(2α3 − 1)(2α3 − 3)t±I1I2I3 , (2.51)
W s±I1I2I3 = 2(k3 + 1)t
±
I1I2I3
, (2.52)
V σσA
±
I1I2I3
= − (Σ + 1)(Σ − 1)
(k1 + 1)(k2 + 1)
(
k21 + k
2
2 − k23 − 1
)
t±I1I2I3 , (2.53)
V σσC
±
I1I2I3
=
(2α3 − 1)(2α3 − 3)
(k1 + 1)(k2 + 1)
(
k21 + k
2
2 − (k3 + 2)2 − 1
)
t±I1I2I3 , (2.54)
W σ±I1I2I3 = −2(k3 + 1)
(k1 − 1)(k2 − 1)
(k1 + 1)(k2 + 1)
t±I1I2I3 , (2.55)
V σsZ
±
I1I2I3
=
24(Σ + 1)(2α3 − 1)(k3 + 1)
k1 + 1
t±I1I2I3 . (2.56)
Finally the interaction of chiral primaries with symmetric tensors of the 2nd rank are
Ls3(ϕµν) = V ssϕI1I2I3
(
∇µsrI1∇νsrI2ϕµνI3 −
1
2
(∇µsrI1∇µsrI2 + 12(m21 +m22 −∆3)srI1srI2)ϕI3
)
, (2.57)
Lσ3 (ϕµν) = V σσϕI1I2I3
(
∇µσI1∇νσI2ϕµνI3 −
1
2
(∇µσI1∇µσI2 + 12(m21 +m22 −∆3)σI1σI2)ϕI3
)
, (2.58)
where
V ssϕI1I2I3 = 2
2(Σ + 2)α3aI1I2I3 , (2.59)
V σσϕI1I2I3 =
2(Σ + 2)α3
(k1 + 1)(k2 + 1)
(
k21 + k
2
2 − (k3 + 1)2 − 1
)
aI1I2I3 . (2.60)
9
Above the summation over I1, I2, I3 and r is assumed and we have defined
Σ ≡ k1 + k2 + k3, αi ≡ 1
2
(kl + km − ki), l 6= m 6= i 6= l, (2.61)
and (c.f. also Appendix B)
aI1I2I3 ≡
∫
YI1YI2YI3 , t
±
I1I2I3
≡
∫
∇aYI1YI2Y ±aI3 , p±I1I2I3 ≡
∫
∇aYI1∇bYI2Y ±(ab)I3 . (2.62)
To summarize, we have the following types of cubic vertices:
❅
❅
❅
sr, σ
σ, τ , ̺±
 
 
 sr, σ
❅
❅
❅
sr
tr
 
 
 σ
❅
❅
❅
sr, σ
⌢ ⌢ ⌢⌣ ⌣ A
±
µ , C
±
µ
 
 
 sr, σ
❅
❅
❅
sr
⌢ ⌢ ⌢⌣ ⌣ Z
r±
µ
 
 
 σ
❅
❅
❅
sr, σ
✟✟✟✟✟✟
✂✁✂✁✂✁✂✁✂✁
☛☛☛☛☛☛
ϕµν
 
 
 sr, σ
Table 1: Cubic vertices containing two supergravity fields dual to CPOs.
In particular we see that all possible cubic invariants under SO(n)× SOR(4) containing at least two
supergravity fields dual to CPOs are present.
2.2 Cubic couplings at extremality
With the cubic couplings at hand the problem of computing the 3–point correlation functions of
two CPOs with an operator associated to another gravity field entering the cubic vertex becomes
straightforward. One needs to determine the on–shell value of the corresponding cubic action, which
amounts to computing certain integrals over the AdS space, where for the latter problem a well–
developed technique is available [9]. Generally the AdS integrals diverge for some “extremal” values
of conformal dimensions (masses) of the fields involved and this is an indication that the corresponding
supergravity coupling should vanish, otherwise the correlation function would be ill–defined [9], [13].
For example, the AdS integral corresponding to the 3–point correlation function of scalar fields with
conformal dimensions ∆1, ∆2 and ∆3 is ill–defined if ∆1 + ∆2 = ∆3 (or any relation obtained from
this by permutation of indices). Inspection shows that the cubic couplings we found do indeed vanish
at extremality, i.e. when the accompanying AdS integrals diverge. The only case where this property
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can not be seen straightforwardly is for the couplings of scalar fields with vector fields A±µ and C
±
µ .
Below we present the analysis making the property of vanishing at extremality manifest.
Recall that due to (2.36) the fields A±µ and C
±
µ do not describe independent degrees of freedom.
Regarding, e.g., A±µ as independent variables we first consider the solution of eq.(2.37) satisfying
P±k−1(A
±)µI = 0.
Then the constraint (2.36) gives P±k+3(C
±)µI = 0. Clearly, the last two equations imply the Maxwell
equations
∇νFνµI(A±)− (k − 1)2A±µI = 0, ∇νFνµI(C±)− (k + 3)2C±µI = 0. (2.63)
Therefore, the masses of the vector fields A±µI and C
±
µI are mA = k − 1 and mC = k + 3. Recalling
the formula for the conformal weight ∆V of an operator dual to a vector field Vµ with mass m in
AdSd+1 (see, e.g. [4]) we find ∆A = k and ∆C = k+4. It is worthwhile to note that ∆A has the same
conformal dimension as the scalar CPOs. The corresponding CFT operators are the vector CPOs in
the spin 2 tower of supermultiplets [19].
The evaluation of the 3–point functions of CPOs with vector fields requires the knowledge of the
following AdS integral∫
d3ω
ω30
K∆1(ω,x1)∇µK∆2(ω,x2)Gµi∆3(ω,x3) =
R123
|x12|∆1+∆2−∆V |x13|∆1+∆V −∆2 |x23|∆2+∆V −∆1
Zi
Z
,
where the coordinate dependence on the r.h.s. is completely fixed by the conformal symmetry. Here
xi are the positions of the operators in the correlation function of the boundary CFT, xij = xi − xj,
Zi =
(x13)i
x213
− (x23)i
x223
, Z2 = ZiZi
and K∆(ω,x), Gµν∆3(ω,x) are the scalar and vector bulk–to–boundary propagators respectively. Ap-
plying the inversion method [9] one finds for R123 the following answer:
R123 =
1
π2
Γ
(
1
2(∆1 +∆2 −∆V + 1)
)
Γ
(
1
2(∆1 +∆V −∆2 + 1)
)
Γ
(
1
2(∆2 +∆V −∆1 + 1)
)
Γ(∆1 − 1)Γ(∆2 − 1)Γ(∆V )
× Γ(12(∆1 +∆2 +∆V − 1)). (2.64)
R123 is ill–defined in several cases. First we consider the case when
5
∆1 +∆2 −∆V + 1 = 0. (2.65)
For CPOs with ∆ = k this equation becomes k1 + k2 −∆V + 1 = 0 and, therefore, for C±µ it reads as
k1 + k2 −∆C + 1 = k1 + k2 − k3 − 3 = 0,
5R123 is also divergent for ∆1 +∆2 −∆V + 1 a negative integer, but in that cases t
±
I1I2I3
= 0.
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i.e., α3 = 3/2. But the couplings V
ssC±
I1I2I3
and V σσC
±
I1I2I3
(see (2.47) and (2.48)) contain the factor 2α3 − 3
and, therefore, vanish.6 Ccomputing the correlation functions involving the fields A±µ a divergence
arises when
k1 + k2 −∆A + 1 = k1 + k2 − k3 + 1 = 0,
i.e., when α3 = −1/2. However, the couplings V ssA±I1I2I3 and V σσA
±
I1I2I3
contain the tensors t±I1I2I3 that are
non–vanishing only if k1+ k2 ≥ k3+1 (and relations obtained by permutation of the indices). Hence,
the divergence is irrelevant since the couplings are zero due to the vanishing of t±I1I2I3 .
Moreover, R123 also diverges when
∆1 +∆V −∆2 + 1 = 0. (2.66)
For C±µ this gives k1 + k3 = k2 − 5, i.e., α2 = −5/2. On the other hand, non–vanishing of t±I1I2I3
requires the inequality k1 + k3 ≥ k2 + 1, so that for the case under consideration t±I1I2I3 again vanish.
For A±µ eq.(2.66) gives k1 + k3 = k2− 1, i.e., α2 = −1/2, and the couplings vanish by the same reason
as for C±µ .
Equation (2.37) has another solution obeying P∓k+1(A
±)µI = 0, which we now consider. Perform
the shift
C±µI = C
′±
µI −
k
k + 2
A±µI , (2.67)
where A±µI is not arbitrary, rather it solves P
∓
k+1(A
±)µI = 0. Then the linear constraint (2.36) turns
into
P±k+3(C
′±)µI +
2
k + 2
P∓k+1(A
±)µI = P
±
k+3(C
′±)µI = 0.
Thus, C ′±µ decouple from A
±
µ . The fields A
±
µ then correspond to operators with ∆A = k + 2. The
divergence (2.65) now gives k1+k2 = k3+1, i.e., α3 = 1/2. The coupling of two scalars with the vector
fields A±µ corrected by the shift (2.67) (we again integrate the terms in (2.47) and (2.48) proportional
to W s±I1I2I3 and to W
σ±
I1I2I3
by parts and use the equations of motion for A±µ and C
′±
µ ) reads
V¯ σσA
±
I1I2I3
≡ V σσA±I1I2I3 + V σσC
±
I1I2I3
+ 4k3W
σ±
I1I2I3
(2.68)
and analogously for sr. The explicit results are given by
V¯ ssA
±
I1I2I3
= −8(k3 + 1)(2α3 − 1)t±I1I2I3 , (2.69)
V¯ σσA
±
I1I2I3
= −4(k3 + 1)(2α3 − 1)(k1 + 1)(k1 + k3) + (k2 + 1)(k2 + k3)− 4(k3 + 1)
(k1 + 1)(k2 + 1)
t±I1I2I3 (2.70)
and vanish at extremality. The AdS integral is also divergent for (2.66), i.e. for α1 = −3/2. However,
in this case t±I1I2I3 is zero.
Thus, we have shown that all the cubic couplings we determined vanish in the extremal cases.
6The terms in (2.47) and (2.48) proportional to W s±I1I2I3 and to W
σ±
I1I2I3
vanish after integrating by parts and taking
into account the equations of motion for A±µ and C
±
µ .
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2.3 Truncation to the graviton multiplet
The bosonic part of the Lagrangian density for the three–dimensional supergravity based on the
SU(1, 1|2)L × SU(1, 1|2)R supergroup is [20]
L = R+ 2− εµνρ(Aijµ ∂νAjiρ + 23AijµAjkν Akiρ )+ εµνρ(A′ijµ ∂νA′jiρ + 23A′ijµA′jkν A′kiρ ), (2.71)
where Aijµ = −Ajiµ , A′ijµ = −A′jiµ are the SO(3) gauge fields and according to our conventions we have
set the cosmological constant to −1.
We now demonstrate that the lowest modes of the vector fields A±µ obey the first order Chern–
Simons equations, although generically the equations of motion are of second order. Thus, we consider
the self–interaction of the vector fields A±µ and restrict ourselves to the case where two of the three
fields, say A±µI2 , A
±
µI3
come from the massless graviton multiplet, i.e. their equations of motion are
P0(A
±)µ = εµ
νρ∂νA
±
ρ = 0 ⇐⇒ ∇µA±ν = ∇νA±µ . (2.72)
Then the quadratic corrections to the linear constraint (2.36) can be written as
P±k1−1(A
±)µI1 + P
±
k1+3
(C±)µI1 = ±
1
2
εµ
νρA±νI2A
±
ρI3
∫
εabcY ±aI1Y
±
bI2
Y ±cI3. (2.73)
Since both vector fields on the r.h.s. transform in the (1, 0) of SU(2)L×SU(2)R (or (0, 1) respectively),
Y ±bI2Y
±
cI3
transform as
(1, 0) ⊗ (1, 0) = (0, 0) ⊕ (1, 0) ⊕ (2, 0); (0, 1) ⊗ (0, 1) = (0, 0) ⊕ (0, 1) ⊕ (0, 2), (2.74)
and therefore the S3 integral is nonzero only if k1 = 1. In this case we have
P0(A
±)µI1 + P
±
4 (C
±)µI1 = ±
1
2
εµ
νρA±νI2A
±
ρI3
∫
εabcY ±aI1Y
±
bI2
Y ±cI3. (2.75)
On the other hand, it is easy to show that there is no coupling of C±µI with two massless vector fields
and therefore it is consistent to set the fields C±µI to zero.
Since the S3 integral is completely antisymmetric in I1, I2 and I3 (and the Ii run from 1 to 3) it
is proportional to εI1I2I3 and can be represented as ∓2Cij±I1C
jk
±I2
Cki±I3 , where C
ij
±I = −Cji±I . Defining
Aijµ = C
ij
+IA
I+
µ , A
′ij
µ = C
ij
−IA
I−
µ (2.76)
the equation of motion for Aijµ reads
εµ
νρ∂νA
ij
ρ = −εµνρAikν Akjρ (2.77)
and analogously for A′ijµ . These are precisely the equations of motion following from eq.(2.71).
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Now we address the issue of the consistency of the KK truncation to the sum of two multiplets,
one of them naturally the massless graviton multiplet and a second one containing lowest mode scalar
CPOs. Surprisingly, all the cubic couplings we computed involving two fields from the sum of the
massless graviton multiplet and the special spin–12 multiplet
7 and one field belonging to any other
multiplet vanish.8 Recall that the spin–12 multiplet contains the scalar modes s
r with k = 1 and φir
with k = 0, and spin–12 states χ
r [19]. All the operators in the boundary CFT dual to the gravity
fields from the spin–12 multiplet are either relevant or marginal. Based on the analysis presented here,
one cannot exclude that a consistent truncation to the sum “massless graviton multiplet + special
spin–12 multiplet” does exist. Of course, only on the basis of the cubic vertices considered here, this
issue cannot be decided. It is worthwhile to note that sr with k = 1 correspond in the boundary CFT
to the scalar CPOs with the lowest conformal dimension.
Another natural example to consider is the lowest level of the spin 1 SO(n) singlet multiplet,
containing σ with k = 2. Here, however, the consistent truncation is not possible. Indeed, the cubic
coupling of two CPOs and one symmetric second rank (massive) tensor
V σσϕI1I2I3 ∼ (Σ + 2)α3
(
k21 + k
2
2 − (k3 + 1)2 − 1
)
aI1I2I3 (2.78)
does not vanish if k1 = k2 = k3 = 2. Note also that the CFT multiplet dual to the SO(n) singlet
discussed above contains irrelevant operators.
In the following two sections we describe how to obtain the cubic action (2.23) from the covariant
equations of motion (2.3).
3 The linearized equations of motion
In this section we discuss the linearized equations of motion for physical fields. We also keep track of
the corrections Q to the linearized equations though for the sake of clarity we do not give their explicit
expressions. They can be found in [25]. The structure of the quadratic corrections will be discussed
in section 4.
3.1 Scalar fields
Scalar fields arise from two sources: from the equations of motion for the scalars φr and the 2–forms
Br, where r = 1, . . . , n, and from the sphere components of the Einstein equation and the equation
for the 2–form B. We start with the first category and obtain
(∇2µ +∇2a)φr + 4(∇2µ +∇2a)U r = 4∇µ(∇µU r −Xrµ) +Qr1, (3.1)
7Generically the multiplets in the vector representation of SO(n) involve fields with spin 1. However at the lowest
level these are absent [19].
8For the cubic couplings with vector fields see section 2.2.
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from the equation of motion for φr,
∇a(Xrµ −∇µU r) + εabc∇bbrµc − εµνρ∇νbrρa = Qr2aµ (3.2)
and
(∇2µ +∇2a)U r + 2φr = ∇µ(∇µU r −Xrµ) +Qr3 (3.3)
from the (µνa) and (abc) components of the antiself–duality equation for Br. Qri denote higher order
corrections to the linearized equations.
First we expand all the fields in spherical harmonics on S3. Equation (3.2) contains both the
transversal terms proportional to Y I3±a and the longitudinal ones proportional to ∇aY I1 . Projecting
(3.2) on the longitudinal part by multiplying it with ∇a one gets a linear constraint. One then uses
this constraint to diagonalize the system (3.1) and (3.3). The resulting equations are
4(k + 1)
(∇2µ − k(k − 2)) srI1 = QrI1s ,
4(k + 1)
(∇2µ − (k + 2)(k + 4)) trI1 = QrI1t , (3.4)
where
QrI1s = QrI11 +
2
k
∇µ∇aQrI12aµ + 2kQrI13 , QrI1t = QrI11 −
2
k + 2
∇µ∇aQrI12aµ − 2(k + 2)QrI13 (3.5)
and
srI1 =
1
4(k + 1)
(
φrI1 + 2(k + 2)U
r
I1
)
, (3.6)
for the chiral primary sr and
trI1 =
1
4(k + 1)
(
φrI1 − 2kU rI1
)
(3.7)
for the scalar tr (c.f. (2.17)).
For the second category we obtain
−1
6
(∇2µ +∇2a − 8)hbb − 4∇2aU − 16∇2a(hµµ + 13hbb) = Q1 (3.8)
and
−1
2
(∇2µ +∇2a − 2)h(ab) − 12∇(a∇b)(hµµ + 13hcc)+∇(a∇µhb)µ = Q2(ab) (3.9)
from the (ab) components of the Einstein equation together with
∇a (Xµ +∇µU)− εabc∇bbµc − εµνρ∇νbρa − haµ = Q3aµ (3.10)
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and
(∇2µ +∇2a)U − 23hbb + 12(hµµ + 13hbb)−∇µ (Xµ +∇µU) = Q4 (3.11)
from the (µνa) and (abc) components of the self–duality equation for B.
Again, expanding the fields in spherical harmonics, solving the longitudinal constraints (3.9) (i.e.
multiplying (3.9) by ∇a∇b) and (3.10) and diagonalizing the resulting system of equations we obtain
2(k + 1)
(∇2µ − k(k − 2)) σI1 = QI1σ ,
2(k + 1)
(∇2µ − (k + 2)(k + 4)) τ I1 = QI1τ , (3.12)
where
QI1σ = QI11 +
1
2k(k − 1)∇
a∇bQI12(ab) −
1
k
∇µ∇aQI13aµ + (k + 2)QI14 , (3.13)
QI1τ = −QI11 −
1
2(k + 2)(k + 3)
∇a∇bQI12(ab) −
1
k + 2
∇µ∇aQI13aµ + kQI14 (3.14)
and the chiral primary field σI1 and the scalar τI1 are defined as (c.f. (2.18)):
σI1 =
1
12(k + 1)
(
6(k + 2)UI1 − πI1
)
, (3.15)
τI1 =
1
12(k + 1)
(
6kUI1 + πI1
)
. (3.16)
Finally, the equations of motion for the scalars ̺I5± originate from the transverse traceless part of
eq.(3.9)
−1
2
(∇2µ −∆) ̺I5± = QI5±2 . (3.17)
We summarize the results for the relevant scalar modes (c.f. Table 1) in Fig. 1:
0 1 2 3 4
Fig. 1: Mass spectrum of scalars.
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The lowest mode for σI1 is actually k = 2, since the k = 1 mode can be gauged away by residual
shift transformations [19]. This can also be seen from the action (2.23), where this mode is simply
absent.
3.2 Vector fields
The equations of motion for the vector fields on AdS3 are obtained from the (anti)self–duality equation
for the three–form field strength with indices (µνa) and from the (µa) component of the Einstein
equation.
We start with the vector fields Zr±µ transforming in the fundamental representation of SO(n). The
transverse part of (3.2) is
P∓k+1(Z
r±)µI3 = −Qr±2µI3 (3.18)
and it automatically implies that the vector fields Zr±µ are transverse at the linearized order. Clearly,
the linearized equation for Zrµ follows from the action (2.23).
Consider the vector fields being mixtures of the spin one components of the graviton and the
2–form potential B. Their equations of motion have their origin in the transverse parts of the (µa)
component of the Einstein equation and the (µνa) component of the self–duality equation and we find
−1
4
Max(h)±µI3 +
1
4
(∆ + 1)h±µI3 − P∓k+1(Z±)µI3 = Q±5µI3 , (3.19)
and
P±k+1(Z
±)µI3 + h
±
µI3
= −Q±3µI3 , (3.20)
where
Max(V )µ ≡ ∇2νVµ −∇ν∇µVν , (3.21)
which satisfies (∗∇)2 = Max.
Equation (3.19) can be factorized as follows(
P∓k+1
)ν
µ
(
P±k+1(h
±)νI3 + 4Z
±
νI3
)
= −4Q±5µI3 . (3.22)
Therefore, one set of solutions is found by diagonalizing the system of first order equations
P±k+1(h
±)µI3 + 4Z
±
µI3
= 0, (3.23)
P±k+1(Z
±)µI3 + h
±
µI3
= 0. (3.24)
A simple calculation shows that
A±µI3 = ±2Z±µI3 − h±µI3 , C±µI3 = ±2Z±µI3 + h±µI3 (3.25)
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satisfy the following equations
P±k−1(A
±)µI3 = 0, P
±
k+3(C
±)µI3 = 0 (3.26)
at the linearized order.
On the other hand, solving the linear equation (3.20) and substituting into (3.19), introducing the
canonical fields A±µ and C
±
µ and using [Pm, Pm′ ] = 0, one obtains
P∓k+1P
±
k−1(A
±)µI3 = 4Q±5µI3 ∓ 2P∓k+1(Q±)3µI3 , (3.27)
P∓k+1P
±
k+3(C
±)µI3 = −4Q±5µI3 ∓ 2P∓k+1(Q±)3µI3 . (3.28)
It is straightforward to write down an action that leads to the second order equations for the fields
A±µ and C
±
µ but this is not what we need, since these fields are related by the linear constraint (3.20),
that in terms of the canonical fields reads as
P±k−1(A
±)µI3 + P
±
k+3(C
±)µI3 = ∓4Q3µI3 . (3.29)
By using equation (3.20), (3.19) can be reduced to the form
Max(h)±µI3 − (k − 1)(k + 3)h±µI3 − 8(h±µI3 ± (k + 1)Z±µI3) = 4
(Q±3µI3 −Q±5µI3). (3.30)
The equations (3.20) and (3.30) can be derived from the Lagrangian
L± = −1
4
Fµν(h
±)Fµν(h±)− 1
2
(k − 1)(k + 3)h±µ hµ± − 4
(
h±µ ± (k + 1)Z±µ
)2 ∓ 4(k + 1)εµνρZ±µ ∂νZ±ρ .
(3.31)
After substituting the canonical fields this Lagrangian turns into the one given in section 2, equation
(2.31).
The results for the relevant vector modes (c.f. Table 1) are summarized in Fig. 2:
0 1 2 3 4
Fig. 2: Mass spectrum of vectors.
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The Yang–Mills states AI3±µk=1 transform in the adjoint representation of SU(2)L × SU(2)R; they
are pure gauge and are components of the massless graviton multiplet, which also contains the non–
propagating graviton and 4 gravitini.
3.3 Symmetric tensor fields of second rank
In principle, to find the equation of motion for the massive gravitons 9 on AdS3 one has to consider
the Einstein equation (2.3) not only with indices (µν), but also with the indices (µa) and (ab). The
reason for this is that the equations for ∇µϕµν and ϕ ≡ ϕµµ are constraints and do not follow from
(2.3) if one considers only the (µν) components. Moreover, the Einstein equation involves both
the gravitons and the scalar fields already at the linearized level and, therefore, the procedure of
constructing the quadratic Lagrangian becomes highly non–trivial. However, analogously to the case
of type IIB supergravity on AdS5 × S5 [23], [15], we can replace the Einstein equation (2.3) by a
new equivalent equation from which the true equation for massive gravitons follows from the (µν)
components. “Equivalent” means that the original and the new equations coincide on–shell, i.e.,
when one takes into account the (anti)self–duality equation for the field strength H. To find the new
equation we will use the shift of the graviton given in equations (2.19), (2.20) and (2.21).
At linear order we have10
R
(1)
µνI = R
(1)
µνI(ϕ) +
8
k + 1
∇µ∇ν(σI − τI) + 4gµν
(
k2(k − 1)
k + 1
σI +
(k + 2)2(k + 3)
k + 1
τI
)
+ gµν
(
−k(k − 1)
k + 1
(∇2ρ −m2σ)σI +
(k + 2)(k + 3)
k + 1
(∇2ρ −m2τ )τI
)
, (3.32)
where
R
(1)
µνI(ϕ) ≡ −
1
2
(
(∇2ρ −∆+ 6)ϕµνI −∇µ∇ρϕρνI −∇ν∇ρϕρµI +∇µ∇νϕI
)
+ gµνϕI . (3.33)
Introducing the notation HMHN ≡ HMPQHNPQ we obtain
(HµHν)
(1)
I = 2gµνϕI − 2ϕµνI +
8
k + 1
∇µ∇ν(σI − τI) + 4gµν
(
k2(k − 1)
k + 1
σI
+
(k + 2)2(k + 3)
k + 1
τI
)
+ 4gµν
(
k − 1
k + 1
(∇2ρ −m2σ)σI +
k + 3
k + 1
(∇2ρ −m2τ )τI
)
. (3.34)
The first correction to the total curvature is found to be
R
(1)
I = ∇µ∇νϕµνI −
(∇2µ −∆− 2)ϕI
− 2
(
k(k − 1)
k + 1
(∇2µ −m2σ)σI −
(k + 2)(k + 3)
k + 1
(∇2µ −m2τ )τI
)
. (3.35)
9We loosely refer to symmetric tensor fields coming from the AdS3 components of the metric as to massive gravitons.
10To simplify the notation throughout this section we use I ≡ I1.
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Now we consider the combination
(
Rµν − 12gµνR−HµHν
)(1)
I
, substitute the previous results and get
(
Rµν − 1
2
gµνR−HµHν
)(1)
I
= EµνI(ϕ)− 2gµνϕI
− 4
k + 1
gµν
(
(k − 1)(∇2ρ −m2σ)σI + (k + 3)(∇2ρ −m2τ )τI
)
. (3.36)
Here
Eµν(ϕ) ≡ −1
2
(
(∇2ρ −∆+ 2)ϕµν −∇µ∇ρϕρν −∇ν∇ρϕρµ + gµν∇ρ∇λϕρλ
+∇µ∇νϕ− gµν(∇2ρ −∆)ϕ
)
. (3.37)
Next we use
(H2)
(1)
I = 6ϕI + 12
(
k − 1
k + 1
(∇2µ −m2σ)σI +
k + 3
k + 1
(∇2µ −m2τ )τI
)
(3.38)
and find that (
Rµν − 1
2
gµνR−
(
HµHν − 1
3
gµνH
2
))(1)
= Eµν(ϕ) (3.39)
holds off–shell, i.e. without using the linearized equations of motion for σI and τI . Therefore the
proper equation for the massive gravitons is (c.f. (2.3))
RMN − 1
2
gMNR = H
I
MH
I
N −
1
3
gMNH
I
M1M2M3
HI M1M2M3
+ 2P irMP
ir
N − gMNP irL P ir L.
(3.40)
At the linearized level the equation for massive gravitons is EµνI(ϕ) ≡ Eµν(ϕIρλ) = 0. For k = 0 this
reduces to the known equation for (massless) gravitons. Note that the first line of (3.40) cannot be
obtained from
S ∼
∫ √−g(R− 1
3
H2
)
(3.41)
since this would give a coefficient 1/6 in front of H2. However, recalling that the field strengths are
(anti)self–dual we see that on–shell the term H2 is zero and, therefore, its coefficient in the Einstein
equation remains arbitrary and may be fixed to any desired value. Of course this just reflects the fact
that there is no simple covariant action when (anti)self–dual field strengths are involved.
Taking the trace of Eµν(ϕ) one obtains
Eµµ (ϕ) = −
1
2
∇µ
(∇νϕµν −∇µϕ)− (∆ + 1)ϕ. (3.42)
On the other hand, the divergence of Eµν(ϕ) is
∇µEµν(ϕ) = ∆
2
(∇µϕµν −∇νϕ). (3.43)
Thus for k 6= 0 on–shell massive gravitons are transverse and traceless at the linear order.
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The result for the tensor modes (c.f. Table 1) is summarized in Fig. 3:
0 1 2 3 4
Fig. 3: Mass spectrum of symmetric tensors.
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4 Cubic couplings
The cubic couplings involving at least two chiral primaries were listed in section 2.1. In this section we
sketch their derivation11. As usual, the quadratic corrections involve higher derivative terms and are
in general non–Lagrangian. To make the couplings Lagrangian and to remove the higher derivative
terms one performs nonlinear field redefinitions [13]. To determine the cubic couplings it is sufficient
to derive them from the equation of motion of one of the fields involved. However, the problem of
finding 4–point functions requires to consider all equations of motion. The reason is that the field
redefinitions mentioned above will induce contributions to quartic couplings [15].
4.1 Cubic couplings with scalar fields
The cubic couplings of scalar fields corresponding to CPOs were already obtained in [8]. As an
example we just consider the self–interaction of σ. Keeping only the quadratic contributions one finds
the following structure12:(∇2µ −m2σ)σ1 = A123σ2σ3 +B123∇µσ2∇µσ3 + C123∇µ∇νσ2∇µ∇νσ3. (4.1)
To remove higher derivative terms one should make the field redefinition
σ1 → σ1 + J123σ2σ3 + L123∇µσ2∇µσ3, (4.2)
11To simplify the notation we drop the index I that specifies a basis of an irreducible representation and denote σI1
as σ1 and similarly for the other fields.
12We do not present the explicit values of the coefficients here and below because they are not very instructive. They
are explicitly given in [25].
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where
2L123 = C123, 2J123 + L123(m
2
2 +m
2
3 −m21 − 4) = B123. (4.3)
Then (4.1) takes the form
(∇2µ −m2σ)σ1 = − 3κσ1 V σσσ123 σ2σ3 + · · · , (4.4)
where · · · denote cubic terms induced by the field redefinitions, κσ = 16k(k−1) and V σσσ123 as in (2.42).
4.2 Cubic couplings with vector fields
We begin with the coupling srσZr±µ and consider only the quadratic corrections to the equations of
motion for Zr±µ . One finds (c.f. (3.18))
P∓mZ (Z
r±)3µ = A123∇µ(σ1sr2) +B123σ1∇µsr2 +C123∇µ∇νσ1∇νsr2. (4.5)
To simplify the notation, here and below we suppress the label ± on the coefficients describing the
quadratic corrections. After performing the field redefinition
Zr±3µ → Zr±3µ ±∇µΛr3 + L123P±k3+1
(
σ1∇sr2
)
µ
, (4.6)
where
2L123 = −C123, (k3 + 1)Λr3 = (m22L123 −A123)σ1sr2 + L123∇µσ1∇µsr2, (4.7)
equation (4.5) becomes
P∓mZ (Z
r±)3µ =
1
8(k3 + 1)
V σsZ
±
123 σ1∇µsr2. (4.8)
For the vector fields A±µ and C
±
µ we restrict ourselves to the interaction with σ; the case of s
r is
analogous.
Consider the quadratic corrections to the equations of motion for A±µ . Keeping only terms quadratic
in σ we find the following structure:
P∓k3+1P
±
k3−1
(A±)3µ = ∇µΛ3 + (V 1)123∇µσ1σ2 + (V 2)123∇ν∇µσ1∇νσ2 + (V 3)123∇ν∇λ∇µσ1∇ν∇λσ2
± εµνλ∇ν
(
(W0)123∇λσ1σ2 + (W2)123∇ρ∇λσ1∇ρσ2
)
, (4.9)
where
Λ3 = (Λ0)123σ1σ2 + (Λ2)123∇µσ1∇µσ2. (4.10)
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After the shift
A±3µ → A±3µ +∇µΛ¯3 + J123∇µσ1σ2 + L123∇ν∇µσ1∇νσ2 ±G123εµνλ∇ν
(∇λσ1σ2) (4.11)
with
2L123 = (V 3)123, 2G123 = (V 3)123 + (W2)123,
2J123 = (V 2)123 + 4G123 − L123
(
m21 +m
2
2 − 6− (k + 1)(k − 1)
)
,
−(k3 + 1)(k3 − 1)Λ¯3 = Λ3 + 1
2
(m21 −m22)
(
(J123 − L123 − 2G123)σ1σ2 + L123∇µσ1∇µσ2
) (4.12)
we can represent (4.9) as
1
2
P∓k3+1P
±
k3−1
(A±)3µ = V
σσA±
123 ∇µσ1σ2 ±W σσA
±
123 P
±
k3−1
(∇σ1σ2)µ. (4.13)
Analogously one finds for C±µ
1
2
P∓k3+1P
±
k3+3
(C±)3µ = V
σσC±
123 ∇µσ1σ2 ±W σσC
±
123 P
±
k3+3
(∇σ1σ2)µ. (4.14)
The coefficients W σσA
±
I1I2I3
and W σσC
±
I1I2I3
are
W σσA
±
I1I2I3
=
(Σ + 1)
(k1 + 1)(k2 + 1)
(
(k1 − 1)(k1 − k3) + (k2 − 1)(k2 − k3)
)
t±I1I2I3 , (4.15)
W σσC
±
I1I2I3
=
(2α3 − 1)
(k1 + 1)(k2 + 1)
(
(k1 + 1)(k1 + k3) + (k2 + 1)(k2 + k3)− 4(k3 + 1)
)
t±I1I2I3 . (4.16)
From the equation of motion for σ one gets
(∇2µ −m2σ)σ1 =AA±123∇µσ2A±3µ +BA±123∇µ∇νσ2∇µA±3ν +AC±123∇µσ2C±3µ +BC±123∇µ∇νσ2∇µC±3ν
±D±123∇µσ2
(
P±k3+3(C
±)3µ − P±k3−1(A±)3µ
)
, (4.17)
where AA
±
123, B
A±
123 , A
C±
123, B
C±
123 and D
±
123 are known coefficients [25].
Performing the field redefinition
σ1 → σ1 + 1
2
BA±123∇µσ2A±3µ +
1
2
BC±123∇µσ2C±3µ (4.18)
we represent the result in the following form:
(∇2µ −m2σ)σ1 =− 2κσ1
(
V σσA
±
123 ∇µσ2A±3µ + V σσC
±
123 ∇µσ2C±3µ
±∇µσ2
(
(W σσA
±
123 + α
±
123)P
±
k3−1
(A±)3µ + (W
σσC±
123 + α
±
123)P
±
k3+3
(C±)3µ
))
± ((dΩ)123 + 2
κσ1
α±123
)∇µσ2(P±k3−1(A±)3µ + P±k3+3(C±)3µ). (4.19)
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Here
BA
±
123 +D
±
123 =
2
κσ1
W σσA
±
123 − (dΩ)123, BC
±
123 +D
±
123 = −
2
κσ1
W σσC
±
123 + (dΩ)123 (4.20)
and α±123 are yet to be determined SO(4) tensors that are antisymmetric in 1 and 2. The last line in
(4.19) is proportional to the linear constraint (2.36) and, therefore, only contributes to the next order.
The tensors α±123 are fixed as follows. Equation (4.19) can be derived from
Lσ3 (A±µ , C±µ ) = V σσA
±
I1I2I3
σI1∇µσI2A±µI3 + V σσC
±
I1I2I3
σI1∇µσI2C±µI3 (4.21)
± (W σσA±I1I2I3 + α±I1I2I3)P±k3−1(σI1∇σI2)µA±µI3 ± (W σσC±I1I2I3 + α±I1I2I3)P±k3+3(σI1∇σI2)µC±µI3 .
Varying this Lagrangian with respect to A±µ and C
±
µ we can write down the quadratic corrections
to the equations of motion for the vector fields and compare them with our results (4.13) and (4.14).
Then we find that
α±I1I2I3 = −
1
2
(
W σσA
±
I1I2I3
+W σσC
±
I1I2I3
)
. (4.22)
Substituting the shifts of Aµ and Cµ we finally represent (4.19) as
κσ1
(∇2µ −m2σ)σ1 =− V σσA±123 (2∇µσ2A±3µ + σ2∇µA±3µ)∓W σ±123(2∇µσ2P±k3−1(A±)3µ ± (k3 − 1)σ2∇µA±3µ)
− V σσC±123
(
2∇µσ2C±3µ + σ2∇µC±3µ
)±W σ±123(2∇µσ2P±k3+3(C±)3µ ± (k3 + 3)σ2∇µC±3µ)
+ cubic, (4.23)
where
W σ±123 =
1
2
(
W σσA
±
123 −W σσC
±
123
)
. (4.24)
Note that the terms on the r.h.s. quadratic in fields follow from action (2.23), while “cubic” denotes
the cubic terms relevant only for determining the quartic couplings.
4.3 Cubic couplings with massive gravitons
Here the most complicated part is to derive the interaction of σ with massive gravitons from the
equation of motion for ϕµν , because σ is constructed by using the metric itself. Since the analysis of
the interaction of ϕµν with s
r (although much simpler) proceeds along the same lines we will omit it.
After careful computation one finds the following structure:
E1µν(ϕ) = (A2)123∇µσ2∇νσ3 + (A4)123∇ρ∇µσ2∇ρ∇νσ3 + (A6)123∇ρ∇λ∇µσ2∇ρ∇λ∇νσ3
+ (B2)123
(∇µ(σ2∇νσ3) +∇ν(σ2∇µσ3))+ (B4)123(∇µ(∇ρσ2∇ρ∇νσ3)
+∇ν(∇ρσ2∇ρ∇µσ3)
)
+ gµνC1, (4.25)
24
where
C1 = (C0)123σ2σ3 + (C2)123∇µσ2∇µσ3 + (C4)123∇µ∇νσ2∇µ∇νσ3 − 1
2
(A6)123∇µ∇ν∇ρσ2∇µ∇ν∇ρσ3.
(4.26)
Performing the shift of the graviton
ϕ1µν = ϕ
′
1µν +∇µξ1ν +∇νξ1µ + gµνη1 +K123∇µσ2∇νσ3 + L123∇ρ∇µσ2∇ρ∇νσ3, (4.27)
where
L123 = −(A6)123, K123 = −(A4)123 + 1
2
(A6)123(m
2
2 +m
2
3 −∆1 − 10),
∆1
2
ξ1µ =
1
4
∇µη1 +M123σ2∇µσ3 +N123∇νσ2∇ν∇µσ3
(4.28)
and M123, N123 are given by
M123 = (B2)123 − 3
2
m22(A6)123 −
1
2
m22K123, N123 = (B4)123 +
1
2
(m22 − 1)(A6)123 (4.29)
equation (4.25) takes the form
E1µν(ϕ′) = V σσϕ123 ∇µσ2∇νσ3 + gµνC¯1. (4.30)
Here
C¯1 = (C¯0)123σ2σ3 + (C¯2)123∇µσ2∇µσ3 + (∆1 + 1)η1. (4.31)
Thus only η has not been fixed yet. In fact, a change of η (with a simultaneous change of ξ
according to (4.28)) amounts only to a change of the interaction of the trace of the massive gravitons
with the chiral primaries. In particular, it is possible to choose η in such a way that only the traceless
part of ϕµν interacts with σ. But as was pointed out in [15], for the case of AdS5 this choice leads
to the appearance of quartic couplings with six derivatives, which are absent only if η is chosen such
that ϕ′1 = (T0)123σ2σ3. We expect that this will also be the case for AdS3 and therefore follow this
approach.
Taking the trace and divergence of (4.30) and representing
η1 = A123σ2σ3 +B123∇µσ2∇µσ3, (4.32)
where
(∆1 + 1)A123 = −(C¯0)123 − 1
4
(m22 +m
2
3 −∆1)V σσϕ123 , (∆1 + 1)B123 = −(C¯2)123 −
1
2
V σσϕ123 , (4.33)
we find that
ϕ′1 =
V σσϕ123
4∆1(∆1 + 1)
(
(m22 −m23)2 + 2∆1(m22 −m23)− 3∆21
)
σ2σ3. (4.34)
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Then the final result for the interaction of ϕµν with σ has the nice form
E1µν(ϕ′) = V σσϕ123
(∇µσ2∇νσ3 − 1
2
gµν(∇ρσ2∇ρσ3 + 1
2
(m22 +m
2
3 −∆1)σ2σ3)
)
, (4.35)
which is the natural generalization of the interaction of the massless graviton with scalar fields.
On the other hand from the equation of motion for σ one obtains
(∇2µ −m2σ)σ1 = 2κσ1 V σσϕ123 ∇µ∇νσ2ϕ3µν +Kϕ123∇µσ2∇νϕ3µν + Tϕ123σ2ϕ3. (4.36)
Substituting the shift (4.27) of the graviton we represent the equation as
κσ1
(∇2µ −m2σ)σ1 = V σσϕ123
(
2∇µ(∇νσ2ϕ′3µν)−∇µ(∇µσ2ϕ′3)+ 12(m21 +m22 −∆3)σ2ϕ′3
)
+ cubic.
(4.37)
Again the terms on the r.h.s. quadratic in fields follow from action (2.23), while “cubic” again denotes
the cubic terms relevant only for determining the quartic couplings.
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Appendix A
Here we give the results for the expansion of the Einstein equation (2.3), the equations of motion
for the scalar fields (2.4) and the (anti)self–duality equation (2.5) up to the second order both in
spacetime and coset metric perturbations. The various quantities defined in (2.1) and (2.6) are given
by:
QijM =
1
2
(φir∇Mφjr −∇Mφirφjr), (A.1)
QrsM =
1
2
(φjr∇Mφjs −∇Mφjrφjs), (A.2)
P irM =
1√
2
∇Mφir, (A.3)
H i = δi5ε+ gi + φirgr +
1
2
εφirφr5, (A.4)
Hr = gr + εφ5r + giφir. (A.5)
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Decomposing the Einstein equation (2.3) up to the second order in hMN one finds
R
(1)
MN +R
(2)
MN = H
I
MPQH
I
N
PQ − 2(hKL − h2KL)HIMKQHINLQ
+ hK1L1hK2L2HIMK1K2H
I
NL1L2
+∇Mφir∇Nφir. (A.6)
Here
R(1)MN = ∇KhKMN −
1
2
∇M∇Nh, (A.7)
R(2)MN = −∇K
(
hKL h
L
MN
)
+
1
4
∇M∇N
(
hKLhKL
)
+
1
2
hKMN∇Kh− hKMLhLKN , (A.8)
where
hKMN ≡
1
2
(∇MhKN +∇NhKM −∇KhMN) , h ≡ hKK . (A.9)
Decomposing the equations of motion for the scalar fields φir (2.4) up to the second order we
obtain
(∇2µ +∇2a)φir = ∇Kφir
(
∇LhKL − 1
2
∇Kh
)
+ hKL∇K∇Lφir + 2
3
H iKLM
(
HrKLM − 3hKS HrSLM
)
.
(A.10)
Finally, the (anti)self–duality equation (2.5), expanded to second order in hMN is:
H ∓ ∗H ± T (1) ± T (2) = 0, (A.11)
where we have introduced the following notation:
T
(1)
M1M2M3
≡ 1
2
h(∗H)M1M2M3 − 3hK[M1(∗H)M2M3]K , (A.12)
T
(2)
M1M2M3
≡ 3
2
hhK[M1(∗H)M2M3]K −
(
1
8
h2 +
1
4
hKLhKL
)
(∗H)M1M2M3 − 3hK[M1hLM2(∗H)M3]KL.
(A.13)
Recall that the operation ∗ is with respect to the background metric. Equations (A.12) and (A.13)
have to be combined with (A.4) and (A.5).
Appendix B
Following [13] we establish the formulae for integrals of spherical harmonics on S3 used in the paper.
In deriving the equations of motion for the various scalar fields we encountered a number of
integrals of scalar spherical harmonics, all of which can be reduced to aI1I2I3 (c.f. (2.62)). In terms of
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∆i ≡ ki(ki + 2) we find: ∫
S3
∇aY I1∇aY I2 = ∆1δI1I2 ,∫
S3
∇(a∇b)Y I1∇a∇bY I2 = 2
3
∆1(∆1 − 3)δI1I2
(B.1)
and ∫
S3
∇aY I1∇aY I2Y I3 = 1
2
(∆1 +∆2 −∆3)aI1I2I3 ,∫
S3
∇(a∇b)Y I1∇a∇bY I2Y I3 =
(
1
4
(∆1 +∆2 −∆3)(∆1 +∆2 −∆3 − 4)− 1
3
∆1∆2
)
aI1I2I3 , (B.2)∫
S3
∇(aY I1∇b)Y I2∇a∇bY I3 =
(
1
4
(∆1 +∆3 −∆2)(∆2 +∆3 −∆1) + 1
6
∆3(∆1 +∆2 −∆3)
)
aI1I2I3 .
In the computation of interaction vertices involving vector fields one needs the following integrals:∫
S3
∇(a∇b)Y I1Y I2∇aY I3±b =
1
2
(∆1 −∆2 +∆3 − 3)t±I1I2I3 ,∫
S3
∇(a∇b)Y I1∇aY I2Y I3±b =
1
2
(
1
3
∆1 +∆2 −∆3
)
t±I1I2I3 .
(B.3)
Finally, for tensor spherical harmonics Y I5±(ab) we used∫
S3
∇(a∇b)Y I1∇a
(∇cY I2Y I3±(bc) ) = 23(∆1 − 3)p±I1I2I3 ,∫
S3
∇a∇bY I1∇cY I2∇cY I3±(ab) =
1
2
(∆1 −∆2 −∆3 − 4)p±I1I2I3 .
(B.4)
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